We show that certain BPS counting functions for both fundamental strings and strings arising from fivebranes wrapping divisors in Calabi-Yau threefolds naturally give rise to skew-holomorphic Jacobi forms at rational and attractor points in the moduli space of string compactifications. For M5-branes wrapping divisors these are forms of weight negative one, and in the case of multiple M5-branes skewholomorphic mock Jacobi forms arise. We further find that in simple examples these forms are related to skew-holomorphic (mock) Jacobi forms of weight two that play starring roles in moonshine. We discuss examples involving M5-branes on the complex projective plane, del Pezzo surfaces of degree one, and half-K3 surfaces. For del Pezzo surfaces of degree one and certain half-K3 surfaces we find a corresponding graded (virtual) module for the degree twelve Mathieu group. This suggests a more extensive relationship between Mathieu groups and complex surfaces, and a broader role for M5-branes in the theory of Jacobi forms and moonshine.
Introduction
Jacobi forms and mock Jacobi forms play important roles as counting functions governing black hole entropy in string theory. For a recent comprehensive discussion see [1] . They also play starring roles in studies of moonshine, as in, e.g., [2] [3] [4] . Skew-holomorphic Jacobi forms, first introduced by Skoruppa in [5, 6] , also play an important role in moonshine. Indeed, the weight one-half modular forms exhibiting moonshine for the Thompson group in [7] can be recast as the theta components of skew-holomorphic Jacobi forms, an observation extended in [8] to obtain a larger family of moonshine phenomena. In this work we promote the idea that BPS counting functions appearing in the theory of strings and wrapped fivebranes at rational and attractor points provide a rich source of such objects and suggest further new possibilities for connections between moonshine, black holes, and BPS state counting.
Our first main observation is that half-BPS state counting functions for the heterotic string on S 1 at rational points in the Narain moduli space lead directly to skew-holomorphic Jacobi forms. Our second main observation is that M5-branes wrapping divisors in Calabi-Yau threefolds, studied in e.g. [9] as giving rise to black strings in M-theory, provide another natural source of skew-holomorphic Jacobi forms. As discussed in [10] [11] [12] [13] , the modified elliptic genera counting supersymmetric states in these theories are non-holomorphic modular forms of a certain kind. We will see that at suitable moduli these functions can be specialized to skew-holomorphic Jacobi forms. A number of examples of such genera were computed in a closely related setup in [14] (note that many of these do not satisfy the "ampleness" assumption of [9] ). We will see, in several cases, that a skew-holomorphic Jacobi form or mock Jacobi form of weight 2 which plays a role in moonshine can be extracted. We will focus on cases where either a single M5-brane is wrapped, or two M5-branes are wrapped. Skew-holomorphic mock Jacobi forms appear in the latter case, due to the presence of bound states of single wrapped M5-branes.
Another important observation concerns the particular example of a single M5-brane wrapping a del Pezzo surface of degree one (i.e. P 2 blown up at eight points). As we explain in §5.2, the corresponding skew-holomorphic Jacobi form of weight 2 admits an interpretation as a generating function for the graded dimension of a graded virtual module for the sporadic simple group M 12 . This suggests a non-trivial relationship between M 12 and del Pezzo surfaces, and a concrete path to begin its exploration. In §5. 3 we give evidence that this relationship can be extended to half-K3 surfaces (i.e. blow-ups of P 2 at nine points) at certain moduli. In addition to this, the form in which the relevant skew-holomorphic Jacobi forms are found points toward a concrete construction in terms of a vertex algebra attached to a certain indefinite lattice.
The plan of this note is as follows. In §2 we give a brief review of skewholomorphic Jacobi forms. In §3 we discuss S 1 heterotic string compactifications at rational points in Narain moduli space and highlight the connection between the BPS counting function and skew-holomorphic Jacobi forms. In §4 we review the M5-brane elliptic genus, and show that, when evaluated at a relevant attractor point in moduli space, it gives a skew-holomorphic Jacobi form of weight −1. In §5 we discuss several examples where weight 2 skew-holomorphic (mock) Jacobi forms that are implicated in moonshine appear. The discussion of M 12 and del Pezzo surfaces appears in §5.2, and this is extended to half-K3 surfaces in §5. 3 . Some further details and supporting data for these relationships appears in Appendix A.
Skew-holomorphic Jacobi forms
We briefly review skew-holomorphic Jacobi forms in this section, referring to [1] or [15] for more details.
In very general terms, a skew-holomorphic Jacobi form of weight k and index m is a function of the form
where the theta-coefficients f r are the components of a holomorphic vectorvalued modular form of weight k − . In this work we consider m ∈ Z, and use
for r ∈ Z + m, where e(x) := e 2πix and y := e(z) and q := e(τ ). Usually it is required that f r (τ ) = O(1) as ℑ(τ ) → ∞, for all r, and the term weakly skew-holomorphic is used when this is relaxed to f r (τ ) = O(e Cℑ(τ ) ) for some C > 0. A skew-holomorphic mock Jacobi form is a function as in (1) for which the f r are mock modular forms in the usual sense (cf. e.g. [1] ).
In order to formulate some examples define the thetanullwerte Z the function
is a skew-holomorphic Jacobi form of weight k and index m. 
is the McKay-Thompson series attached to the identity element of M 24 by Mathieu moonshine [2] 
) is a (weakly holomorphic) mock Jacobi form of weight 1 and index 2, and its shadow is proportional to t 2,2 (τ, z).
The half-integral index theta series (2), (3) include some familiar examples, which will play a role in §5. For instance, for m = formulation of Mathieu moonshine. A broader context for this is given in [16] .
From a number theoretic point of view skew-holomorphic Jacobi forms play a complementary role to holomorphic Jacobi forms in a particular formulation of the Shimura correspondence, developed by Skoruppa and Zagier [6, 17, 18] . Consequently there are Waldspurger-type results relating Fourier coefficients of holomorphic and (non theta-type) skew-holomorphic Jacobi forms of weight at least 2 to special values of L-functions of cuspidal modular forms with level (cf. [18] ). This mechanism plays an important role in the arithmetic geometry of elliptic curves according to the celebrated Birch-Swinnerton-Dyer conjecture. Applications to moonshine have appeared, for instance, in [15] and [19] .
Our focus in §5 will be on examples of M5-brane configurations that produce (weakly) skew-holomorphic (mock) Jacobi forms of weight 2.
Rational heterotic string compactifications
In this section we analyze examples of S 1 compactifications of the heterotic string at points in the Narain moduli space that correspond to rational conformal field theories. By definition these are points at which there is an extended chiral algebra with the CFT containing a finite number of irreducible representations of the chiral algebra. The partition function thus decomposes into a finite sum of the form
where the N jj are non-negative integers and the χ j (χj) furnish holomorphic (anti-holomorphic) irreducible characters of the extended chiral algebra which is larger than the Virasoro algebra. Of course, the χ j andχj are in general reducible with respect to the Virasoro algebra and decompose into a possibly infinite sum of its irreducible characters. We show that the half-BPS state counting functions which arise can be written in terms of skew-holomorphic Jacobi forms. See [20] for a general discussion of the relationship between rational CFT and attractor points in the moduli space of string compactifications.
The rational Gaussian model
The c = 1 Gaussian model, corresponding to string compactification on a S 1 of radius R, is defined by an embedding of the unique unimodular even lattice of signature (1, 1) into R 1,1 . We denote the embedded lattice by Γ 
with n, w ∈ Z. The moduli space of the c = 1 Gaussian model is
where the Z 2 acts as T-duality, R → 2 R
. Thus the moduli space is the half line [ √ 2, ∞) parametrized by R.
The model contains holomorphic and anti-holomorphic U(1) currents J, J with eigenvalues proportional to p L , p R . Introducing chemical potentials ζ = (ζ L , ζ R ) to keep track of these U(1) charges leads to the partition function
where
Let Γ R := {(0, p R ) ∈ Γ 1,1 } be the lattice of right-moving momenta. We now consider rational points in the moduli space where R 2 ∈ Q, and say that Γ R is generated by p 0 . In order to facilitate the comparison to skewholomorphic Jacobi forms using the conventions of the previous section we specialize to the case ζ(z) =zp 0 (this corresponds to choosing the normalization ofJ such that the associated charge has integer eigenvalues). We will show that the Siegel-Narain theta function Θ 1,1 is the complex conjugate of a weight one skew-holomorphic Jacobi form of theta-type at such rational points.
Consider first the self-dual point R = √ 2. We then have
n−w (14) withȳ = e(−z). Breaking the sum into terms with n + w even and n + w odd gives
which is of the claimed form.
It is not difficult to generalize this to general rational
, a problem which appears as Exercise 10.21 in [21] . We write R 2 = 2
with κ ′ , κ coprime integers. We then have
Now define r 0 , s 0 to be integers for which κr 0 − κ ′ s 0 = 1, which is always possible since κ, κ ′ are coprime. Define ω 0 and r to be the values of κr 0 + κ ′ s 0 and nκ + wκ ′ modulo 2κκ ′ respectively. Then a short computation shows that nκ − wκ ′ = ω 0 r mod 2κκ ′ which allows us to write
This is almost of the desired form except for the factor of ω 0 . This factor can be understood in terms of an automorphism of the fusion rule algebra as discussed in [20, 22] and in the mathematical literature is related to well-known objects, namely the Eichler-Zagier operators which played a prominent role in [3] .
To see this, we can perform a trivial rewriting of the previous equation,
The matrix with matrix elements δ s,ω 0 r is an Eichler-Zagier matrix,
see [3] for conventions. Recall that Ω m (n) sr = 1 if s + r = 0 mod 2n and s − r = 0 mod 2m n , and 0 otherwise. An easy calculation shows that the two conditions required for a matrix element of Ω κκ ′ (κ) to be nonzero are equivalent to s = ω 0 r mod 2κκ ′ :
′ from which it easily follows that Ω κκ ′ (κ) sr = δ s,ω 0 r and thus that (18) is the complex conjugate of a skew-holomorphic Jacobi form:
where we have suppressed the vector indices in the above equation.
Heterotic strings with Wilson lines
We now explain the relevance of this computation to BPS state counting for heterotic strings on S 1 . In this case the Narain moduli space has dimension 17, corresponding to the radius of the S 1 and a choice of Wilson lines in the Cartan subalgebra of E 8 × E 8 or Spin(32)/Z 2 . Half-BPS states correspond to right-moving ground states with arbitrary left-moving excitations [23] and have squared mass proportional to p 2 R . The generating function for these BPS states, summed over all p 2 R and weighted by a chemical potential for p R is given by
where now
We expect that Z BPS can be written in terms of skew-holomorphic Jacobi forms at rational points in the Narain moduli space
We will show this explicitly for two examples below, and defer comments about the general case to §3.3.
The first example involves considering points in the moduli space (25) where the Wilson lines are turned off. At these points, the embedded lattice Γ 17,1 respects the standard splitting
is a positive-definite even unimodular lattice with rank 16 and Γ 17,1 ∩ R 1,1 is unimodular and even with signature (1,1). If we further specialize to points in the moduli space where the Γ 1,1 corresponds to a rational CFT of radius R = 2
we then find
where Θ L is the theta-function attached to the lattice L. 
is the complex conjugate of a weakly skew-holomorphic Jacobi form of weight −3.
We can obtain a more subtle rational point by utilizing a construction due to Nikulin [24] . Let Λ L be an even, rank 7, positive-definite lattice which is primitively embedded into an even, unimodular, rank 24 lattice N, thus N is the Leech lattice or one of the 23 Niemeier lattices. Let Λ R be a negativedefinite lattice bijectively isometric to Λ L (up to an overall minus sign in the quadratic form) and primitively embedded as a sublattice of the (negative-
to be the orthogonal complements of Λ L and Λ R respectively. Then the lattice
is an even, unimodular lattice of signature (17, 1). In the above g
L and g
are glue vectors which run over the non-trivial elements of the discriminant group of Γ L , Γ R , such that the map g
L is an isometry. Our second example will use this construction for the choice Λ L = E 7 which is embedded in the Niemeier lattice with root system A 17 E 7 , and Λ R = (−E 7 ) which is primitively embedded into (−E 8 ).
2 Our conventions for the A 17 E 7 root lattice are as follows. Take e 1 , e 2 , . . . , e 26 to be an orthonormal basis for R 26 = R 8 ⊕ R 18 and take the E 7 root lattice to be embedded in the first R 8 with simple roots r i := e i+2 − e i+1 for i = 1, 2, . . . , 6, and r 7 := 1 2
(e 1 +e 2 +e 3 +e 4 −e 5 −e 6 −e 7 −e 8 ). For the A 17 root system we embed in the R 18 factor and take the simple roots to be r i := e i − e i+1 for i = 9, 10, . . . , 26.
Recall the construction of the Niemeier lattice N corresponding to the A 17 E 7 root system. Letting L ⋆ denote the dual of a lattice L, we have embeddings
which implies that N/A 17 E 7 is a subgroup of (A 17 E 7 ) ⋆ /A 17 E 7 . Moreover, since N is an even lattice, it is an isotropic subgroup, meaning that the quadratic form of the discriminant group restricted to N/A 17 E 7 vanishes. Now, the discriminant group of A 17 E 7 is Z 2 × Z 18 from the E 7 and A 17 factors respectively.
The Z 2 component of the discriminant group is generated by
while the Z 18 is generated by
One can check that the quadratic form on the discriminant group vanishes on the isotropic subgroup v + 3w ≃ Z 6 . The Niemeier lattice is obtained as
and the orthogonal complement of the E 7 root lattice in N is easily seen to be
One can convince oneself that the discriminant group Γ ⋆ L /Γ L = 3w ≃ Z 2 . The even unimodular lattice Γ that we obtain in this way satisfies
and an explicit computation of the theta coefficients yields We can identify the above theta coefficients further using results in [5] . Skoruppa classifies the weight k index 1 skew-holomorphic Jacobi forms:
Here, M k (SL 2 (Z)) is the space of weight k holomorphic modular forms for SL 2 (Z), and
Letting E k (τ ) = 1 + O(q) be the Eisenstein series of weight k, the weight nine skew-holomorphic forms (and in particular the function we found above) should be of the form
One can verify that the theta function we computed earlier corresponds to the choice a = ,
We are then left with the BPS counting function
It should not be hard to generalize this analysis to other rational points in the moduli space (25) at which the BPS state counting function can be expressed in terms of skew-holomorphic Jacobi forms.
Rational toroidal compactifications
As a technical aside, we would like to briefly sketch the general construction which underlies the examples of the previous sections. Quite generally, toroidal string compactifications correspond to Narain lattices Γ of signature (λ), λ) , we may construct the full, rational, unimodular lattice from this data as
It easily follows that the Siegel-Narain theta function admits the decomposition
where we have defined
for an arbitrary positive-definite, even lattice L. In this construction, Γ L := {(p L , 0) ∈ Γ} is the lattice of purely left-moving momenta, and similarly for Γ R . See §10.2 of [20] for a more detailed discussion.
In the previous sections, we specialized to d = 1 and exploited the fact that the right-moving momentum lattice must be of the form Γ R ≃ √ 2mZ with associated theta-function
for r in Γ ⋆ R /Γ R ≃ Z 2m . Indeed, upon flavoring by an additionalJ quantum number, we find that the points in the moduli space with Γ R ≃ √ 2mZ recovered (complex conjugates of) index m skew-holomorphic Jacobi forms.
In this language, the c = 1 Gaussian model with radius R = 2 κ ′ κ corresponds to the triple ( √ 2κ ′ κZ, √ 2κ ′ κZ, r → ω 0 r), with the gluing of left and right-moving momentum lattices specified by the isometry "multiplication by ω 0 ." The different choices of isometries give rise to different Eichler-Zagier matrices Ω κκ ′ (κ) which commute with the action of the modular group on the thetanullwerte. Similar comments should apply to the problem of classifying the rational points in the moduli space of the heterotic string with Wilson lines, as well as the skew-holomorphic Jacobi forms which arise.
We now turn to a richer source of strings-those arising from wrapped M5-branes-and show that their associated elliptic genera can also be expressed in terms of skew-holomorphic Jacobi forms.
The M5-brane elliptic genus
Here we review basic facts about the worldsheet theory on a wrapped M5-brane.
Multiplets
The M5-brane wrapping a divisor in a Calabi-Yau threefold gives rise, at lowenergies, to an effective string, sometimes called an "MSW string," with (0,4) worldsheet supersymmetry. This theory was studied in detail from various viewpoints in, e.g., [9] [10] [11] 27] . Suppose the M5-brane is wrapping a divisor P in a Calabi-Yau threefold X. Then the low-energy theory on the effective string (arising from dimensional reduction of the M5-brane worldvolume fields) is as follows.
Consider the inclusion map
This naturally gives rise to a pullback map i * : H 2 (X, Z) → H 2 (P, Z). We define Λ to be i * (H 2 (X, Z)) equipped with the bilinear form given by (A|B) := − P A ∧ B. The pullback two-forms i * α ∈ H 2 (P, Z) can be associated with chiral worldvolume fields in the (0, 4) worldsheet σ-model as follows.
• Self-dual two-forms on P that extend non-trivially to X give rise to leftmoving scalars on the worldsheet.
• Anti self-dual two-forms on P that extend non-trivially to X give rise to right-moving scalars on the worldsheet.
In fact, for a Calabi-Yau threefold X, the Kähler form is the only twoform that pulls back to an anti self-dual form on P. As a result there are b 2 (X) − 1 left-moving scalars and 1 right-moving scalar coming from these sources.
It is important to remember that the worldsheet fields include universal worldsheet multiplets arising from (super) Goldstone modes. This gives three additional non-chiral scalars that can translate the effective string. The total of four right-moving bosons (including the one arising from the pullback of the Kähler form) have four Fermi superpartners arising from the (0,4) supersymmetry. Zero modes of these fermions lead to a modification of the definition of the M5-brane ellliptic genus relative to the conventional elliptic genus (see (46)) as the conventional quantity would vanish in this circumstance.
In a model-dependent way, there are also additional fields present in the generic wrapped M5-brane theory. These parametrize the moduli space of motions of the wrapped divisor in the Calabi-Yau space X. Although our subsequent discussion will be independent of these fields it should be mentioned that in the limit of large central charge, where the effective string can sometimes be related to a weakly curved black string, they constitute the most numerous degrees of freedom.
The index
For a fixed M5 theory the worldsheet elliptic genus can be defined as follows. First define
Here the ζ a are chemical potentials and the Q a are charges under the b 2 (X) abelian currents associated with the chiral bosons; i.e. (b 2 − 1) left-moving currents, and a single right-moving current. The p a parametrize the (discrete) choice of divisor in H 4 (X, Z) that the M5-brane wraps. The fermion number is defined in the usual way as twice the charge of the U(1) generator in the SU(2) R R-symmetry which exists in the N = 4 superconformal algebra. The extra factor of F 2 as compared to the conventional elliptic genus is present in order to absorb the fermion zero modes mentioned above.
This quantity isn't quite the one we want to work with, as it includes information about the momenta in the R 3 transverse to the effective string in the non-compact directions of space. Instead, the generalized elliptic genus Z(τ, ζ) is defined by requiring that
It is easy to see [10] [11] [12] that Z has weight − , in the sense that
for some m, and some multiplier χ :
. This is what we would expect from (the complex conjugate of) a skew-holomorphic Jacobi form of weight −1 (with a multiplier system). The shift in charges under a large gauge transformation states that the generalized index admits a decomposition
into Siegel-Narain theta functions
where the splitting Q = Q + + Q − depends on the Grassmannian
. In the sequel we will always set the chemical potentials conjugate to the leftmoving currents to zero, and only keep track of the right-moving chemical potential.
Next we will show that, at certain points in the moduli space, the generalized elliptic genus of an MSW string is naturally a skew-holomorphic (mock) Jacobi form. First, recall that in the presence of an MSW string the Calabi-Yau moduli which are vector multiplets in the low-energy supergravity undergo an "attractor flow." That is, they flow to certain specific values at the horizon of the related black string, independent of their values at infinity in R 5 . This 'attractor mechanism' gives a natural preferred choice of moduli. In M-theory on X, the vector multiplet moduli are the Kähler moduli of X (excepting the overall volume, which transforms in a hypermultiplet). At the attractor point in moduli space, the Kähler form J on X satisfies J ∼ p. As a result one can find the right-moving chiral U(1) current and its associated charge to be
As we already know that Z(τ, ζ) transforms as a weight (− ) modular form, what remains to check is that Z(τ, ζ), for a specific choice of ζ = ζ(z), satisfies the elliptic transformation
for λ, µ ∈ Z. This will imply that Z admits a decomposition as in (1).
Let ζ =zp. At the attractor moduli the Siegel-Narain theta function Θ µ (τ,τ , ζ) becomes
where q = e(τ ) andq = e(−τ ), and we used (51) in writing the power ofq. We can show that
by a shift Q → Q + pn in the sum. This verifies that, at the attractor point in moduli space, Z(τ, pz) is a skew-holomorphic Jacobi form of index An interesting question for future work would be to determine if there are other (non-attractor) moduli where the M5-brane elliptic genus reduces to a skew-holomorphic Jacobi form.
Examples
We now discuss several examples of M5-brane elliptic genera computed in [14] . In each case we find a natural relation to a weakly skew-holomorphic Jacobi form of weight 2 that plays a role in a moonshine.
The projective plane
The elliptic genus for one M5-brane wrapping P 2 can be written as
(cf. (6)) thanks to work of Göttsche [28] . In comparison with §4 we have kept only the chemical potential for the right-moving U(1) charge, which we henceforth denote by z.
So the function Z
(1)
is a skew-holomorphic Jacobi form of weight −1 and index 1 2 , and since θ = iη 3 (cf. (6)) we may write
where ϕ
z), and t 2,2 is the weight 2, index 2 skew-holomorphic Jacobi form that appears as a shadow in Mathieu moonshine (cf. (4)).
The connection to Mathieu groups becomes stronger when we consider two M5-branes wrapping P 2 . To explain this let H(n) denote the Hurwitz class number of binary quadratic forms of discriminant −n when n > 0, and set H(0) := − 1 12 . Then H (τ ) := n≥0 H(n)q n is a mock modular form of weight 3 2 for Γ 0 (4) with shadow (proportional to) θ 0 1,0 (cf. (3)). This was first discovered by Zagier [29] . Very recent work [30] proves that 24H (τ ) = −2 + 8q 3 + 12q 4 + 24q
is the graded dimension of a graded virtual module for the sporadic Mathieu group M 11 , and 48H (τ ) = −4 + 16q 3 + 24q 4 + . . . is the graded dimension of a graded virtual module for M 23 . Now setf j (τ ) := 3ĥ j (τ )η −6 (τ ) for j ∈ {0, 1}, whereĥ j is the completion of the mock modular form
Then the elliptic genus of two M5-branes wrapping P 2 is given [31] [32] [33] by
Similar to (56) we may write
where ϕ (2)
is a skew-holomorphic mock Jacobi form of weight 2 and index 1 that exhibits moonshine for the Mathieu groups M 11 and M 23 according to [30] . Thus M5-branes on P 2 give a starting point from which we may pursue a geometric understanding of Mathieu moonshine for (rescaled) Hurwitz class numbers.
It is interesting to note that the generating function H (τ ) also arises as an example of a function counting BPS jumping loci of maximal rank for K3 × T 2 , or equivalently, counting attractor black holes, in the precise sense described in [35] . Also, the theta-coefficients of ϕ in (59) recur in the elliptic genus for two M5-branes wrapping the Hirzebruch surface F 1 (see §4.2 of [14] ). In both these settings, and of course for two M5-branes wrapping P 2 , it would be interesting to compare geometric twinings with the functions coming from the analysis of [30] .
Degree one del Pezzo surfaces
Next we consider M5-branes wrapping a del Pezzo surface of degree 1 (i.e. P 2 blown up at 8 points). The elliptic genus was first described in [10] . Start with the Fermat quintic { i x 5 i = 0} ⊂ P 4 and quotient by the Z 5 action x i → ω i x i where ω := e(
5
). The hyperplane section P of the resulting orbifold has χ(P) = 11 and is rigid with b + 2 = 1. It has H 2 (P, Z) = Z⊕(−E 8 ) and is thus a del Pezzo surface of degree 1.
For a single M5-brane wrapping P we have Z
(τ,z)η −6 (τ ) for the elliptic genus, where
This is a weakly skew-holomorphic Jacobi form of weight 2 with a multiplier, and may be compared to (56).
Inspired by the discussion in §5.1 we consider the possibility that the coefficients of the anti-holomorphic factor in (60) also admit interpretations in terms of representations of Mathieu groups. Observe that
is the unique modular form of weight 3 2 for SL 2 (Z) that has the same multiplier as η −5 and satisfies f with various levels which achieves this goal for the sporadic simple Mathieu group M 12 . That is, the f (1) dP 8 ,nZ serve as trace functions 19 24 tr g|W
with graded dimension given by (61).
Details on the modular forms f Tables 4 -8) . From that information alone it is not immediate that the virtual M 12 -module W (1) dP 8 satisfying (62) exists, but we can verify this using arguments very similar to those appearing in recent literature on moonshine in weight 3 2 , including [19, 30] . So we refrain from reproducing the details here.
The reader will note that f (1) dP 8 is η 3 times the graded dimension of the basic representation V E 8 of the affine Lie algebra of type E 8 . This space naturally admits an action by the adjoint Lie group E 8 (C), so it is natural to ask if the twining functions f (1) dP 8 ,[g] are related to this action. Here we note that M 12 is not a subgroup of E 8 (C) according to [34] , so the virtual M 12 -module W (1) dP 8 cannot be recovered in a simple way from V E 8 .
We obtain an assignment of weakly skew-holomorphic Jacobi forms of weight 2 and index 1 2 to elements of M 12 simply by setting
These forms in turn define twinings
of the M5-brane elliptic genus Z
(1) dP 8 . As a result, it is natural to ask how the twining functions (64) are related to the symmetries of M5-brane theory on P, and whether this relationship between M 12 and the del Pezzo surface of degree 1 is connected in some way to the original Mathieu moonshine [2] , which relates M 24 to the K3 elliptic genus. It would be interesting to gain a physical or geometric understanding of the twining functions Z For a pair of M5-branes on P we have Z
(cf. (58)). In light of the discussions above and in §5.1 it seems likely that naturally defined Mathieu group twinings of Z (2) dP 8 also exist. Are there naturally defined twinings of Z (n) dP 8 by g ∈ M 12 for all n? What do they tell us about M5-branes on P?
Half-K3 surfaces
In this final section we consider the elliptic genus for a single M5-brane wrapping a half-K3 surface (i.e. P 2 blown up at 9 points). Such surfaces play an important role in the study of E-strings via geometric engineering.
To compute the genus in question we first discuss the cohomology group
K3, Z). Geometrically it is generated by the hyperplane class corresponding to the hyperplane intersection with P 2 , denoted by H, and the nine blow-ups c i , for i = 1, . . . , 9. The quadratic form inherited from the intersection form is then given by diag(1, −1, . . . , −1). In fact, this lattice is isomorphic to Z ⊕ (−Z) ⊕ (−E 8 ), and in particular is unimodular (but not even). The corresponding basis is given [36] by Since the lattice is unimodular there is only one term in the decomposition (49) of the genus into theta functions. For the case at hand, the class P of the surface wrapped by the M5 brane is given by the anti-canonical class
The theta function we are interested in will depend on the moduli of the half-K3, and one such modulus is given by the size of the elliptic fiber, denoted here by 1 R . Taking the shift by 1 2 P into account, the Siegel-Narain theta function (50) is Θ(R; τ, z) = E 4 (τ )Θ 
The elliptic genus is given by
The question of moonshine-type phenomena is potentially richer in this setting due to the dependence on the parameter R. In this work we refrain from a full analysis and restrict ourselves to some special cases. In preparation for this note that (68) specializes to theta-type skew-holomorphic Jacobi forms of half-integral index (cf. (4)) at special values of R. Indeed, by a similar analysis to that given for Θ 1,1 in §3.1 we obtain
when m ∈ Z + 1 2
and m > 0.
Motivated by the discussions in §5.1 and §5.2 we now consider the decomposition Z
, where by (70) we have
which is a skew-holomorphic Jacobi form of weight 2 and index m.
The first case to consider is m = , but t 1, vanishes identically (cf. (6)), so we set this case aside for the moment. The next case is m = 3 2 , where, after applying (7) we find that
Observe that the anti-holomorphic factor in (72) is precisely the same as that which appears in ϕ
(1) dP 8 (cf. (60)), in connection with del Pezzo surfaces of degree 1. So from the discussion in §5.2 we naturally obtain twinings
(cf. (62)) of the weight 2 skew-holomorphic Jacobi form (72) by g ∈ M 12 . This in turn leads to twinings
by g ∈ M 12 of the single M5-brane elliptic genus for half-K3 surfaces at the modulus R = √ 3.
The vanishing of (71) at m = 1 2
suggests that we modify the elliptic genus by introducing a fermion number operator. This amounts to replacing t 1,m with t 2,m in (71). Indeed, if we define
and m > 0. In this setting we consider the decomposition Z
is the associated weakly skew-holomorphic Jacobi form of weight 2 and index m.
Now comparing with (60) we find that (77) at m = is precisely the skew-holomorphic Jacobi form of weight 2 and index 1 2 that appeared in §5.2 in connection with del Pezzo surfaces of degree 1. So it is natural to define
for g ∈ M 12 . We then obtain twinings
of the modified single M5-brane elliptic genus for half-K3 surfaces by g ∈ M 12 when R = 1.
We conclude this section with four remarks. Firstly, it is natural to ask if twinings by M 12 of the elliptic genera (69) and (75) for half-K3 surfaces can be defined for all R. Are there special values of R for which this hidden symmetry extends beyond M 12 ? Secondly, it would be interesting to compare the physical twinings of the elliptic genera (69) and (75) with the series (74) and (79) that arise from M 12 in the manner we have just described. Thirdly, note that the given expressions (69) and (75) for the elliptic genera considered in this section point to explicit realizations in terms of the vertex algebra attached to the lattice Z ⊕ (−Z) ⊕ (−E 8 ). It would be interesting to determine if the twinings (74) and (79) by elements of M 12 can also be realized using this structure. In view of the well-known Mathieu moonshine connection between M 24 and K3 surfaces [2] , it is appealing that the Euler characteristic of a half-K3 surface is 12. So finally we ask, to what extent is the connection between half-K3 surfaces and M 12 described in this section related to the original Mathieu moonshine?
A New Mathieu moonshine
Here we present numerical data in support of the discussions of §5.2 and §5.3 relating the M5-brane elliptic genera for degree one del Pezzo surfaces and half-K3 surfaces to the Mathieu group M 12 . Since the relationship to half-K3 surfaces is formulated in terms of the functions that appear in §5. has order n and h is the minimal length of a cycle in the cycle shape of g (in this permutation representation) then f Table 1 . We refer to [37] for details of the Rademacher sum construction.
Note that since the factor e( cd nh ) is trivial on Γ 0 (nh) the function f is a holomorphic modular form of weight 4 for Γ 0 (nh). This, together with the Fourier coefficients in Tables 2-3 gives an alternative method for reconstructing the f 
